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Timeline of matrix p
Year | Bound on omega Authors
1960 | 2.8074 Strassenl]
1978 | 2.796 Panl'
1879 | 2.780 Bini, Capovani [if], Romanil'2]
1981 | 2.522 Schanhagel'?
1981 | 2.517 Romanil ™
1981  2.496 Coppersmith, Wiﬂograd[‘s:
1986 | 2.479 Strassenl!'®]
1890 | 2.3755 Coppersmith, Winogradl('7!
2010 | 2.3737 Stothers! 171
2013 | 2.3729 Williamsl 198201
2014 | 2.3728639 Le Gall2'l
2020 | 2.3728596 Alman, Williams!®

2022( 2.37188
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ANNALS OF
MATHEMATICS

Complexity classes as mathematical
axioms
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ol : PolynomialRing
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GCT publications:

Overviews of GCT

*  The GCT program toward the P vs, NP problem, CACM, val. 55, issue 6, June 2012, pp. 98-107.
= Qo Pyvs NP and Geomelrie Complexity Theory, JACM, vol. 58, issue 2, April 2011,

=« FOCS 2010 Tutorial based on l|1|~c overview.

GCT Papers
*  Lavwer Bounds in o E’uu]ltl\‘lr)dr\lml]u ut hit operations, SIAM J. Comput,, 28, (1999), pp. 1460-1500,
. G i [l h to the P vs. N '«mln]dlbd problems (wi 1 SLAM W), Com ol 31, 00. 2, Pk 496-526, (2001).
. G n T it obstructions for Idings amaong, Llu. varieties (with M. Sohonil. SIAMJ. Comput., Vol 38, Lsue 3. June 2008,
. G ity plicit obstructions (with M. Sohoeni), in "4 in Algeba and Geometry”, Edited by C Musili. the proceedings of the Internativnal
Conf o Alrelin an
i i ishine of o Littlewood-Richardson coefficient (with H. Naravanan and M. Sohoni). Jourpal of Alse | ics, poges 1-8

sroup for the K

sence d(l‘lﬂllh(l\l. 1]!.L|D [V ;\ Ut[b_]!‘ =1
groups, Technical Report TR-2007-15, science department, The University of Chicago,

| Report TR-2007-14,

| buses for the

Lecture notes on GCT

* On P vs NP, Geometric € lexity Theory, and the Riemann Hypothesis, Technical Report, € Science department, The University of Chicage, August, 2000, cs.ArXiv preprint
w500/ 0908.197
5 basesd an a series of three lect tures. Video ]e-r.lurw- in this series are available here.

ymplexity | v Introduetion (wi Technieal Report TR-2007-16, ter seience department, The University of Chicagoe, September, 2007, Leeture notes for
an introductory, graduate course en geometrie complexity 3 in the computer seience department., _thu.l.u_mm seof Chicago.

+ OnPys NP Geometric Complexity Theory, and The Flip L a high-level view, Technical Beport TR-2007-13, computer seience department, The University of Chicage, September, 2007,
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1. A @ B piller, Gary L. (1976), "Riemann’s Hypothesis and Tests for Primality”,
Journal of Computer and System Sciences, 13 (3): 300-317,
doi:10.1145/8001168.803773 2, S2CID 106890396

2. A @b Rahin, Michael O. (1980), "Probabilistic algorithm for testing primality”,
Journal of Number Theory, 12 (1) 128—138, doi:10.1016/0022-
314X(80)90084-0 3

Testing against small sets of bases |edit]

When the number n to be tested is small, trying all @ < 2(Iln » J: is not necessary, as much smaller sets of potential witnesses are known to suffice.
example, Pomerance, Selfridge, Wagstaffl!! and Jaeschke!'!l have verified that

eif n < 2,047, it is enough to test a = 2;

#if n < 1,373,653, it is enough to test # = 2 and 3;

oif n < 9,080,191, it is enough to test & = 31 and 73;

oif n < 25,326,001, it is enough to test a = 2, 3, and 5;

oif n < 3,215,031,751, itis enough totest a= 2, 3, 5, and 7,

oif n = 4,759,123,141, itis enough to test a = 2, 7, and 61,

eif n < 1,122,004 669,633, it is enough to test a = 2, 13, 23, and 1662803,

eif n < 2,152,302 898,747, itis enough to testa=2, 3, 5,7, and 11;

eif n < 3,474,749 660,383, itis enough to testa=2, 3,5, 7, 11, and 13;

eif n = 341,550,071,728,321, itis encugh totesta= 2, 3, 5, 7, 11, 13, and 17.

Using the work of Feitsma and Galway enumerating all base 2 pseudoprimes in 2010, this was extended (see OEIS: AD14233), with the first result

shown using different methods in Jiang and Deng:l")'

«if n < 3,825,123,056,546,413,051, itis enough to test 8 = 2, 3, 5,7, 11, 13, 17, 19, and 23.
«if 1 < 18,446,744,073,708,551,616 = 254 itis enough totesta=2,3 57, 11,13, 17,19, 23, 28, 31, and 37.

Sorenson and Webster! 7 wverify the above and calculate precise results for these larger than 64-bit results:

»if n < 318,665,857 ,834,031,151,167 461, itis enough to testa=2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, and 37.
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Problem Poly.-time approx. UG hardness
Max 2SAT 0.940.. . 0.9439 - - - + £l7]
Max cut 0.878......1° 0.878 .- + ¢l
Min vertex cover 2 2 — l10]
Feedback arc set O(lognloglogn)!'"! | All constants!'”!

Max acyclic subgraph
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Betweenness 3
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