Betti Numbers of Random Hypersurface Arrangements
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Complexity of Arrangements Betti Numbers of Sets Defined by Quadrics Average Connected Components

> Goal: Betti numbers of arrangements of algebraic sets, i.e. |J_; Z(P;) - Growth of Betti numbers of s.a. sets defined by quadratic polynomials often Theorem (Basu-Lerario-N): The expected number of connected
important research area with applications shows behaviour different to general semi-algebraic sets. What is the component of G(N, P, s) satisfies:
» Previous work: Py, ..., P, e RIXi, ..., X,], max degree d-: expected Betti number of a union of random quadrics? i % bo(G(N, P, s))] _ vol (P,)
Sum of Betti nos. Individual Betti numbers Theorem (Basu-Lerario-N): Let P; S—00 s = vol (R]P’N)'

Zj>o b (Ui Z(P)) = O(s"d") b; (Ui, Z(P)) = s"70(d)" homogeneous Kostlan quadrics. [Defin]e = ;=1 Z(Pi). Then Interpretation: Considering Xgllg,v)) to be fixed, we have that the
- Elbo(T)
lim

0. expected number of connected components is o(s).
S—00 S

Interpration: Our general theorem suggests E [by(I')] = O(s).
For quadrics, we prove E [by(I')] = o(s).

Question: What are the expected Betti numbers of an arrange-
ment of random polynomials?

Average Connected Components - Proof

Distribution on Space of Polynomials

» Gaussian measure on R[X, Equivalence to Random Graph

P ~ KOS(n, d) if

P(X X) = Z £ o » Sym(n+1,R) =Rlxp, ..., Xnl (2), R — (x, Qx) |
Oroe S X0 K » RPV — P(Sym(n+ 1,R)), turns out sampling a Kostlan quadric is > For any b; C P,(€)¢, there exists G; C P,(¢)",
“E(f':o&,":ocj) equivalent to sampling uniformly at random from SV w(G;) >0 and  Vp e G, g,(P,) D b
where &, ~ N (0’ Id! I) are independent Theorem (Calabi): Let g1, ¢» € Rixg Xn](z) and T = Z(q;). = Usmg coupon-collector type argument, bound number of samples
S0 Let P, C SV be the set of positive quadratic forms. Let { C SV be required to collect all b;.

» Orthogonally-invariance: for any L € O(n+ 1, R),
P(X) =gisr. P(LX)

» No points or directions are preferred in projective space

the projective line £ = {{A1gq1 + }\QQQ]})\IERPL Then:
MNLAD) < (NP, =0.

Interpretation: Sampling process is equivalent to a random graph: Corollary (Basu-Lerario-N): Let ' be the graph of s quadrics.
Sample s points uniformly at random from SN, Join points iff the Then, for any ¢ > 0,

great circle joining points does not pass through P,,. lim IP [T contains a clique of size es] = 0.

: . S—OO
Theorem (Basu-Lerario-N): Let P P, € R[X Theorem (Alon-Pach-et-al.) For any semi-algebraic graph

homogeneous Kostlan forms, deg(P;) < d,and T' = |J,_; Z(P;). lllustration of Random Graph G = (V, E), there exists a constant & > 0, such that one of the
Then <t |

Ramsey- Theoretic Result

Expected Topology of Random Arrangements

following is true:

T [bo(RP"\T)] =25"d”* + O (5"_1d("1)/2> . - 1. There exists a clique of size |V[|® in G.

Also, for 0 </ < n—1 G 2. The complement of G has a clique of size |V|°.
Eb(RP"\T)] = 0O (s”_id("l)/z) . Interpretation: Large cliques are impossible in .
Interpretation: Worst-case bound on by is (,57) O(d"), while expec-

tation is equal to 2s"d">.

Proof - Random Mayer-Vietoris Spectral Sequence

A - triangulations of I, ..., [, respectively
X, 7 oA C'(A) - i-co-chains of A » Good cone: for g € SV

Theorem: There exists a first quadrant cohomological spectral 8q(Pn) = {X c S" g x) NP, = @} .
sequence converging to the cohomology of the union (E,, 0,),c7:

E = € EP”,

p.qEL

with » Has flavour of G, ,, but p is a random variable
5,: EP9 — EPFartl : vol (gg)
| ! P g’ gets connected to gq| =
Proposition: Define e?? := E Pler P 78 ! vol (SV)
Eptra—rl =, effl > ePd — gPmratrl » Probability random variables are not independent



